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LESSON 1: REAL NUMBERS

Keywords
REAL diagonal RUATIONTIs irrational radicand golden section

divine proportion INTERVAL SINGLE s 7oot Thales’ theorem
prove-proof endpoint radical FRACTION non-ending  Set-builder
parenthesis indices INfinity SYMbO| SCIENTIFIC NOTATION rationalize

1. NUMBERS

So far, you have studied different sets of humbers: natural numbers, integers,
fractions or rational numbers and real numbers.

Integers

Z

Natural Numbers
N

Rational Numbers

Remember: A set is a collection of objects, these objects are called elements.
= Natural (or counting) Numbers (N):0, 1, 2, 3, 4 ...
= Integers (Z): ..., -3,-2,-1,0,1, 2, 3, ...
Rational numbers (Q): Natural numbers, integers and fractions are
rational numbers. A fraction is formed by two numbers like:

5 «—Numerator
3 <—Denominator

Irrational numbers: They are numbers which can’t be expressed as
fractions. V2, V3, m, ¢ ...
Real numbers (R): It's the set formed by rational and irrational numbers.

1.1. Irrational numbers

You know a lot about rational nhumbers, so we are going to study irrational
numbers more deeply in this lesson.



> V2 is an irrational number, so it can’t be expressed as a fraction. Let’s prove
it!

V2

1

2

Proof:Let’s suppose that \/7=§(proof by contradiction), then 2=% >p?=2q? - p?

is a perfect square and it’s also an even number, so it contains the factor 2 an
even number of times, and then ¢?> must be even too and it contains the factor
2 an even number of times, but taking into account that p?=2¢2 we get that p?
has the factor 2 an odd number of times. Finally there is a contradiction in the
underlined sentences because V2 can’t be written as a fraction.

» The golden number ¢ = 1+2\/§ is an irrational number. It's also known as

golden section and divine proportion.

The ratio between the diagonal and the side of a regular pentagon is ¢.

» mis the relation between the length of a circumference and its diameter.

L=2nr=nd = n=§

d = diameter, r = radius
L = length

1.2. Number line

We can represent numbers on the real number line.

e Rational numbers: you can represent them using Thales’ Theorem.




e Irrational numbers: you can represent some of them using Pythagoras’
Theorem. Look at this example:

14 y

2. INTERVALS

An interval is a set formed by the real numbers between, and sometimes
including, two numbers. They can also be non-ending intervals as we are going
to see.

( means “not included” or “open”

[ means “included” or “closed”

= Open interval (1, 3), formed by all the real numbers between 1 and 3, but
the endpoints are not included.

(1,3)={xeR:1<x 3}

Note: The notation between {} is called set-builder notation.

= Closed interval [1, 3], formed by all the numbers between 1 and 3 where the
endpoints are included.

[1,3]={xe R:1<x<3)}

= Half-open interval (left-closed, right-open) [1, 3) which contains the real
numbers between 1 and 3. 1 is included but 3 is not.

[1,3)={xeR:1<x<3}



= Half-open interval (left-open, right-closed) (1, 3] which contains the real
numbers between 1 and 3. 1 is not included but 3 is included.

(1,3]={xeR:1<x <3}

Some intervals don’t end, they are called non-ending intervals. One (or both)
endpoints are +00 and -00. We always use the parenthesis “(” with these
symbols. There are different possibilities:

= (1, +0)={xeR:x> 1} Observe that 1 is not included.
= (-0, 3)={xeR:x <3} Observe that 3 is not included.
= [1, +0)={xeR:x > 1} Observe that 1 is included.

= (-0, 3]={xeR:x <3} Observe that 3 is included.

= (-0, +0)=R

Exercise: Express these intervals using set-builder notation.

a) [-4, 3]={ b

b) (2, 6]=H{ ks

C) (_ool 4)= { }

d) [0, +o)= { b

3. RADICALS
Remember:
Va=b=b"=a
Vai=q @

z . f lical

1. The n-th root of a negative number doesn’t exist if n is an even number.

Example: i/—81 doesn’t exit.

2. The n-th root, where nis an even number, of a positive number has two
different solutions, one is positive and the other one is negative.

Example: V16 = +4.

3. You can simplify radicals expressing them as powers.

Example: /25 = 3/52 = 5 = 55,



10.

11.

12.

. You can convert radicals with different indices into radicals with the same

index. First, express the radicals as powers. Secondly, convert the fractions
into fractions with the same denominator.

1 1 3 2
Example: \[7 and ¥10 = 7z and 105 = 7s and 10s = /73 and Y102

. You can multiply radicals with the same index.

Example: i/5-37 =3/5-7 = /35

. You can divide radicals with the same index.

4/a5 5
Example: \‘{\/; =" 5> = Vg

. You can multiply and divide radicals with different indices. First, you need to

convert them into radicals with the same index.

Example: /5 - V2 = {54 . 3/23 = {/54 .23

. To calculate the power of a root you raise the radicand to the power.

Example: (i/i)s = W

. You can simplify roots factoring the radicand and “taking out” the factors

whose exponents are equal or greater than the index. Divide the exponent
by the index and the quotient is the exponent of the factor you can “take
out”, the remainder is the exponent of the factor inside the radical. It will be
easier to understand with this example.

Example: 3/75.38.59 = 2.32.53.3/22. 32

To calculate the root of a root you multiply the indices.

Example: 1/3/2 = 3/2

To add or subtract radicals they must have the same index and the same
radicand.

Example: 53/2 + 332 — 32 =732

Sometimes in algebra we want to find an equivalent expression for a radical
expression that doesn’t have any radicals in the denominator. This process
is called rationalizing the denominator.

The process consists of multiplying the numerator and the denominator by
the same expression. There are three different cases:

® Single square root

Example:
2 _2 5 _25_ 26 o, d denominator b
E R E-VE s You multiply numerator and denominator by +/5.



® Single higher root

Example:

3 3 2z 332z 3322
=% T2 35 =, Youmultiply numerator and denominator by V22,

e Sums and differences of square roots. Multiply top and bottom by the
difference, if the original is a sum and by the sum, if the original is a
difference. This way you will get the difference of squares and get rid of
the square roots.

Examples:
g S5 _—_5 1—V2 _ 5(1-v2) _ 5-5vy2 _ 5-5V2 _ 5-5V2
12 1+2 12 A2 12-(yz)° 12 -1

=5V2-5

b) V3 V3 24V7 _ V3:(2+V7)  _ 2V3+v21 _ 2v3+v21 _ 2¢V3+21
2—7  2-7 -

- 247 (2-V7)-2+V7)  22-(v7)? 47 -3

4. SCIENTIFIC NOTATION

Scientific notation (also known as standard form) is used for numbers that
are either very large or very small, like:

= The mass of the Earth is about 6 000 000 000 000 000 000 000 000 kg
= X-rays have a wavelength of about 0,000 000 095 cm

Scientific notation is a more convenient way of expressing such numbers for
working with calculators and computers.

A number in scientific notation is expressed as
N = a,bcdef... - 107
So,

= The mass of the Earth is about 6 - 10%* kg
= X-rays have a wavelength of about 9,5 - 10%cm

Let’s see how to calculate with numbers expressed in scientific notation:

v" Addition and subtraction: the numbers must be expressed with the same
exponent.

Example:
2,13-10% +5,36-10* =2,13-10% + 536 - 102 = 538,13 - 102 = 5,3813 - 10*

v' Multiplication and division: you multiply or divide the decimal numbers and
add or subtract the exponents.

Examples:
a) (1,45-10%)-(2,06-10°%) = 2,987 - 108
b) (3,21-107):(5,81-10%) = 0,5525- 103 = 5,525 - 102



PRONUNCIATION

Diagonal |dar'aganal|

Divine proportion |d1i'vain pra'pa:fan|
Endpoint |'end'paint|

Fraction |'frekfan]|

Golden section |'gauldan 'sekfan]|
Indices |'indisi:z|

Infinity symbol |in'finitr 'stmbal|
Interval |'intaval|

Irrational |1'reefanal|
Non-ending |npn 'endin|
Parenthesis |pa'renBasis|

Phi |'far|

Prove-proof |pru:v pru:f|

Radical |'raedikal]

Radicand |'raedr keend]

Rational |'ra[nal|

Rationalize |'rae[nalaiz]|

Real |ri:l|

Root |ru:t]

Scientific notation |,saran'tifik nau'te1fan|
Set-builder |set 'bild3]|

Single |'singal|

Thales’ theorem |'Beiliiz 'O1aram)|




WORKSHEET

Represent V17 and V34 on the number line.

Express these intervals using set-builder notation. Represent them on the number
line:

a) [2,5)=

b) (_21 +OO)=

o (=3,8)=

d) (_Ool _6)=
3. Simplify:

a) 2-3/4=

b) b) V3-35=

) W_

¢ et

9

d) (3 x2) =

R ENNEP
f) 237 — 56 + 33189 =
g8) 864a*p10 =

4. Rationalize these expressions:

2
Q) g
3[2
o) [z =

3 —
c) 3—v/5
d) —— =
VZ+/3

5. Calculate and express the result in scientific notation:

a) 2,32-10°—-1,47-107 =
b) (5,16 - 10%) - (4,29 - 105) =
¢ (3,67-10%:(9,15-10%) =
d) 7,33 10° — 8,09 - 10° =



LESSON 2: POLYNOMIALS AND

ALGEBRAIC FRACTIONS

Keywords
MONOMIAL coefficient PEGREC leading term  Polgnomial

quotient REMAINDER binomial EVALUATE Ruffini’s Rule
FACTORING TRINOMIAL the Simplest form THEOREM algebraic
fraction CANDIDATE vroot divisor

1. MONOMIALS

As you know, a monomial is an algebraic expression consisting of only
one term, which has a known value (coefficient) multiplied by one or some
unknown values represented by letters with exponents that must be constant
and positive whole numbers (literal part). For example:

@ \ Degree
Coefficient e ‘

Literal Part

If the literal part of a monomial has only one letter, then the degree is the
exponent of the letter. If the literal part of a monomial has more than one
letter, then the degree is the addition of the exponents of the letters.

Examples:

The degree of —5x° is 3.

The degree of —7x%y” is 2+3=5.

Addition an btraction of monomial

You can add monomials only if they have the same literal part (they are also

called like terms). In this case, you add the coefficients and leave the same
literal part.

Examples:

a) 3x+2x=>5x
b) 3x+2x* (You cannot add the terms 3x and 2x’because these are not like

terms).
c) 5x2+7-3x*—4=2x>+3 (You cannot add the terms 2x’ and 3).



Multiplication of monomials

If you want to multiply two or more monomials, you just have to multiply the
coefficients, and add the exponents of the equal letters:

Examples:

a) 2x7-3x* =6x"° b) (2xy3)~(—3xy2) =-6x"y°

Division of monomials

If you want to divide a monomial by a monomial of the same or lower degree,

you just have to divide the coefficients, and subtract the exponents of the
equal letters.

Examples:
a) (10x")+(-2x")=-5¢" b) (124°b)+(3a)=4ab

2. POLYNOMIALS
A polynomial is the addition or subtraction of two or more monomials (which
are called terms).
-If there are two monomials, it is called a binomial, for example Xt

-If there are three monomials, it is called a trinomial, for example 3x* —5x+11
The degree of the polynomial is the highest degree of the terms that it contains.

Examples:

a) 3x* —5x+11 is a second-degree trinomial.
b) x*—5x is a fourth-degree binomial.

Example:

The following polynomial is a second-degree polynomial, and contains three
terms: 3x2 is the leading term (the term with the highest exponent), and 7 is
the constant term.

| Terms |

(S0

Leading term Constant term

You usually write polynomials with the terms in "decreasing” order of exponents.
We say that a polynomial is complete if it has terms of every exponent from
the degree of the polynomial until zero.

Examples:
a) The polynomial 3x>-5x+7 is complete.

b) The polynomial 3x*>+7 is not complete.



Evaluatin lynomial

“Evaluating” a polynomial P(x) is calculating its numberical value at a given
value of the variable: x =a. You must substitute the variable x for the value a,
and calculate the value of the polynomial P(a).

Example: Evaluate P(x)=2x"—x>—4x+5 at x=-2

Substitute x for —2 and calculate. But be careful with brackets and negative
signs!

P(-2)=2-(-2)' =(-2)" =4-(-2)+5=2-(-8)~4+8+5=—-16-4+8+5=-20+13=—7

Addition of lvnomial

When adding polynomials you must add each like term of the polynomial, that
is, monomials that have the same literal part. (You must use what you know
about the addition of monomials).

Example: Simplify <3x3 —2x° -1—5x—3)+(2x3 +4x’ —2x—4)
(3x3 —2x? -|—5x—3)+(2x3 +4x* —2x—4):5x3 +2x2+3x-7
Subtraction of polynomials

When subtracting polynomials you must realise that a subtraction is the
addition of the first term and the opposite of the second: A-B = A + (- B)

Example: Simplify: (3x" —2x" +5x-3)—(2x" +4x” —2x-4)
(32 =207 +5x-3)— (20" +4x" —2x-4) =

3x° = 2x7 +5x-3-2x" —4x* + 2x+4=x" -6 +Tx +1

Multiplication of polynomials

-A Monomial times a multi-term polynomial. To do this, we have to expand
the brackets:

Example: Simplify —2x(5x* —x+10)
~2x(5x” = x+10) = —2x+(5x7 ) = 2x+ (=x) = 2+ (10) = ~10x" + 2x" — 20x

-A Multi-term polynomial times a multi-term polynomial. Look at this
example:
Example: Simplify (x+5)-(x+2)

11

(x+5)-(x+2)=x(x)+x(2)+5(x)+5(2)=x2 +2x+5x+10=x*+7x+10

= |



Division of polynomials

You can divide a dividend polynomial P(x) by a divisor polynomial D(x) of
the same or lower degree. The quotient polynomial Q(x) and the remainder
polynomial R(x) (the degree of the remainder must be lower than the degree
of the divisor) can be determined as follows:

Example: Divide the polynomial P(x)=6x"—-5x"+7x-10 by D(x)=2x"+4x-1

-Step 1: If the dividend polynomial P(x) is not complete, leave gaps for the
missing terms (this will allow you to line up like terms later).

In the example, place the terms like this: 6x* —5x*+7x-10 |2x2 +4x-1

-Step 2: Divide the leading term of the dividend polynomial P(x) by the leading
term of the divisor polynomial D(x) to get the leading term of the quotient
polynomial.

In the example, (6x4)+(2x2):3x2 , SO you have:

6x* —5x*+7x-10 |2x2+4x—1
3x°
-Step 3: Take the term found in Step 2 and multiply it by the divisor polynomial

D(x). The opposite terms of this product must be lined up with the terms of the
dividend of the same degree (like terms):

6x* —5x*+7x-10 |2x2+4x—1

—6x* —12x° +3x7 3x?

-Step 4: Add every term found in Step 3 with the like term above. The result
is the first remainder polynomial.

6x" —5x*+7x-10 |2x2+4x—1

—6x* —12x° +3x7 3x?
—12x° —2x7

Repeat the last three steps until the degree of the final remainder polynomial
R(x) is lower than the degree of the divisor polynomial D(x). In Step 2 the
following terms of the quotient will be obtained dividing the leading term of
the remainder polynomial by the leading term of the divisor polynomial D(x)).

In the example, if you repeat these steps two more times, you finally get:

6x* —5x* +7x-10 |2x2+4x—1

—6x* —12x° +3x? 3x? —6x + 1 1 «<——Quotient

—12x° = 2x*
12 +24x* —6x

22x* +x
—22x* —44x+11

—43x+1 <«———Remainder




You can check that the division is correct verifying the property:

P(x)=D(x)-Q(x)+R(x)
(Dividend=Divisor- Quotient+ Remainder)

Note: If the remainder polynomial is zero (R(x)=0), then you have
P(x)=D(x)-QO(x) and you say that P(x) is divisible by D(x).

To apply Ruffini’s rule you can follow the steps of this example:

Example: Divide the polynomial x*—x*-7x+10 by x-2

-Step 1: Set the coefficients of the dividend in one line. If the polynomial is
not complete, complete it by adding the missing terms with zeroes. Draw two
perpendicular lines like this:

1 0 -1 -7 10

-Step 2: At the bottom left, place the opposite of the independent term of the
divisor.

1 0 -1 -7 10

2

-Step 3: Bring down the first coefficient.
1 0 -1 -7 10

2

| 1

-Step 4: Multiply this coefficient by the divisor and place it under the following
coefficient.

1 0 -1 -7 10

2 2

| 1

-Step 5: Add the two coefficients.
1 0 -1 -7 10

2

2
2

| 1



Repeat Steps 4 and 5 until you get the last number, like this:
1 0 -1 -7 10

2| 2 4 6 -2

*23—1&

Coefficients of the Quotient

The last number obtained, 8, is the remainder of the division.

The quotient is a polynomial of one degree less than the dividend polynomial
and whose coefficients are the ones obtained in the division.

In this example, the quotient polynomial is: O(x)=x’ +2x* +3x -1

3. APPLICATIONS OF RUFFINI'S RULE
3.1. Evaluating polynomials

The following theorem is useful for evaluating polynomials at a given value of
X:

THE REMAINDER THEOREM
The value of a polynomial P(x) at a given value of the variable x =a coincides with

the remainder of the division P(x)+(x—a).

Because of this theorem, you can use Ruffini’s Rule to evaluate polynomials.
Let’'s see an example:

Example: Evaluate P(x)=2x’—x"—4x+5 at x=-2

Let’s apply Ruffini’s Rule:
2 -1 -4 5

-2 -4 10 -12

12 -5 6[-7

So, you have that P(-2)=-7

3.2. Divisibility criteria of a polynomial by a binomial of the form x-a

given a polynomial P(x) of integer coefficients and given an integer number
ael, if P(x)+(x—a) is an exact division (with zero as remainder), Ruffini’s
Rule states that ¢ must be an integer divisor of the constant term of P(x).
Example: Is the polynomial P(x)=2x’-2x*-10x—-6 divisible by the binomial
x=57

The answer is "No”, because the number 5 is not an integer divisor of the
constant term —6.

Example: 1s the polynomial P(x)=2x’-2x"-10x-6 divisible by the binomial
x—17?

The integer divisors of the constant term of this polynomial are 1, 2, +3 and



+6. As 1 is included on this list, the division (2x3 —2x* —10x—6):(x—1) could be
exact. Let’s check if the remainder is zero:

2 -2 -10 -6
1 2 0 -10

[2 0 -10 [16 « e

As the remainder is not zero, you can conclude that the polynomial
P(x)=2x’—2x>—-10x—6 is not divisible by x-1.

Example: 1s the polynomial P(x)=2x’-2x>-10x-6 divisible by the binomial
x=37
The integer divisors of the constant term of this polynomial are +1, 2, +3 and

+6. As 3 is included on this list, the division (2x3 —2x* —10x—6):(x—3) could be
exact. Let’s check if the remainder is zero:

2 -2 -10 -6

12 6

3 6
|2 4 2|0 ~ e

As the remainder is zero, you can conclude that the polynomial
P(x)=2x’—2x>—10x—6 is divisible by x-3.

. FACTORING POLYNOMIALS

-A real number a is called root of a polynomial P(x) if follows that P(a)=0. So
the roots of a polynomial are the solutions of the equation P(x)=0,

-When you are searching for the roots of a polynomial P(x) you can try with
the integer divisors of its constant term. Once you find a root a, as P(x) is
divisible by x—a, you can rewrite P(x)=(x—a)-O(x) and continue searching
for the roots of P(x) in the polynomial O(x).

-Factoring a polynomial means rewriting it as a product of polynomials of
the lowest degree as possible that can be multiplied together to give us the
polynomial that you started with.

Let’'s see some examples:

Example 1: Factor the polynomial 3x* +6x

In this example each term has a common factor 3x. So, you can extract the
common factor:

3x° +6x=3x-(x+2)

Example 2: Factor the polynomial x*—25

In this example you can use the special product (4+B)-(A-B)=4"-B> to
factor the polynomial. So, you can rewrite:

x*-25= (x+5)-(x—5)
Example 3: Factor the polynomial x*+6x+9



In this example you can use the special product (A+B)2 =A*+2-4-B+B* to
factor the polynomial. So, you can rewrite:

X H6x+9=x"+2-3x+3 =(x+3)’

Example 4: Factor the polynomial x*—6x+9

In this example you can use the special product (A—B)2 =A>-2-4-B+B’ to
factor the polynomial. So, you can rewrite:

X —6x+9=x-2-3x+3 =(x-3)’
Example 5: Factor the polynomial x> +x-6

In this example you can’t use any special product and there isn’t a common
factor to every term. So, you can search for the roots of this polynomial, which

are the solutions of the equation x* +x—-6=0

Using the quadratic formula, you get that the roots are:

5
~btb* —4ac —1x1+24 -1£5
2a 2 2
-3

X Hx-6=0=>x=

So, you can rewrite: x> +x—-6=(x—-2)-(x+3)

Example 6: Factor the polynomial 2x* —11x+5

If you use the quadratic formula, you get that the roots of the polynomial are:

5
5 LS50 g LIEVI2I-40 1129
4 4 1

2

So, the factored polynomial is: 2x2—11x+5:2-(x—5)-(x—%j

t
é
¢’ Notice that if you factor a polynomial, you mustn’t forget to multiply by its
leading coefficient 6

Example 7: Factor the polynomial x* —2x*-5x+6
Since the degree of the polynomial is 3 and you can’t extract common factor,
you can apply Ruffini’'s Rule in order to search for the integer roots of the

polynomial. Our candidates are the divisors of the constant term 6, which are:
+1, +2, £3 and 6.



If you try with 1, you get:

1 1 -1 -6
|1 -1 -61]0

As the remainder is zero, you get that | is a root of the polynomial, and x—1
is a factor. So, you can rewrite: X’ —2x*=5x+6=(x—1)-(x* —x—6)

Now you can continue searching for the roots of the polynomial using the
quadratic formula, and you get:

_l’_
xz—x—6=0:x=1_

1424 145 _<3
2 2 -2
You finally get the factored polynomial:

X =2x*=5x+6=(x=1)-(x=3)-(x+2)

Note: As all the roots of this polynomial are integer numbers you could also
have found them using Ruffini’s Rule three times.

1 -2 -5 6
1 1 -1 -6
1 -1 -6|0
2 -2 6
1 -3 [0
3 3
1 Lo

Example 8: Factor the polynomial x°—6x" +9x* +4x’ —12x°
First of all, you can extract common factor x* and you can rewrite:

X8 —=6x° +9x* +4x° —12x% = x? -(x4 —6x° +9x? +4x—12)

Now you can continue factoring by searching for the roots of the polynomial

x*—6x’+9x* +4x-12. As it is a fourth-degree polynomial you can use
Ruffini’s rule and try with the divisors of its constant term —12, which are:

+1, £2, £3,+4, £6 and £12.

1 -6 9 4 -12

-1 -1 7 -16 12
1 -7 16 =12 |0
2 2 -10 12

I -5 6 0

Then, you have that x°—6x" +9x" +4x’ =12x” = x” - (x +1)- (x=2)-(x* = 5x +6)



Finally, you can search for roots of the polynomial x* —5x+6 using the quadratic
formula:

X =5x+6=0=>x

_5+425-24  5+1 _<3
2 2

2

So, the original polynomial can be factored like this:
x®—6x7 +9x* +4x° —12x" = x7 -(x+1)-(x—2)2 ~(x—3)

Note: The roots of the original polynomial are 0 (double), -1, 2 (double) and 3.

Example 9: Factor the polynomial x’ —4x”>+4x-3

You can use Ruffini’s Rule to try to find the integer roots of the polynomial. The

candidates (divisors of the constant term) are =1 and +3. Luckily, if you try
with number 3, you get remainder zero.

1 -4 4 -3
3 3 -3 3
T -1 1[0

So you can rewrite: X' —4x’ +4x—3=(x-3)-(x" —x+1)

Now you can use the quadratic formula to find the roots of x* —x+1

li\/1—4_1i\/3gR
2 2

X —x+1=0=>x=

So there aren’t more real roots of the given polynomial and you cannot factor
anymore.

5. DIVISIBILITY OF POLYNOMIALS

-A polynomial Q(x) is a factor or divisor of a polynomial P(x) if the division
P(x)+Q(x) is exact (with zero as remainder). In that case, you can also say
that P(x) is a multiple of Q(x).

-A polynomial P(x)is said to be in the simplest form if it hasn’t got any factor
of lower degree than P(x).

-As you usually do with natural numbers, you can calculate the Highest
Common Factor (H.C.F.) and the Lowest Common Multiple (L.C.M.) of
two or more polynomials.

Example: Calculate the H.C.F. and the L.C.M. of the following polynomials:
P(x)=x"—6x"+9x* +4x’ —12x* and Q(x)=x"-2x>-5x+6



These polynomials appeared in some of the last examples, so you know that
you can factor them as follows:

P(x)=x°—6x" +9x* +4x° —12x7 :xz-(x-l—l)-(x—z)2 -(x—3)

O(x)=x"=2x>=5x+6=(x—1)-(x=3)-(x+2)

To calculate the H.C.F. of these polynomials you multiply the common factors
and power each one of them to the lowest exponent:

H.C.F.(P(x), Q(x)) =x-3

To calculate the L.C.M. of these polynomials you multiply all the factors and
power each one of them to the highest exponent:

LCM.(P(x),0(x))=x*-(x+1)-(x=1)-(x+2)-(x=2)"-(x-3)

6. ALGEBRAIC FRACTIONS
P(x)
O(x)

-As you usually do with numerical fractions, you can simplify algebraic
fractions factoring the polynomials in the numerator and in the denominator.
Dividing by the H.C.F. of numerator and denominator you will get the simplest
form of the algebraic fraction.

An algebraic fraction is the quotient of two polynomials in the form

. . _)c"’—6x5+9x4+4x3—12x2_xz-(Jc-kl)-(x—Z)z-(x—S)_xz-(x+1)~(x—2)2
Example: Simplify: X —2x—5x+6 _T (x=1)-(x=3)-(x+2)  (x=1)-(x+2)

See the last example

As you usually do with numerical fractions, you can also add, subtract,
multiply or divide algebraic fractions. (To add or subtract algebraic
fractions you need to reduce to common denominator).

Examples:

_Add: g_'_ x  2(x-1) x* X +2x-2

X x—l_x{x—D+x{x—D_ x-(x—=1)

_Subtract: 2__% :2("_1)_ XX +2x-2

x x—1 x-(x=-1) x-(x-1 x-(x—1)

x=2 2:(x+1) (x=2)2-(x+1) (x=2)-(x+1) x+1
-Divide: -+ X _x'(xz_l)=x'(x+1)-(x—l)=x+1

x—1 xz—l_(x—l)-x2 (x—l)-x2 X
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WORKSHEET

1. Divide the following polynomials. (You must indicate the quotient polynomial and
the remainder polynomial).

a) (x5—3x4—11x3+16x2—11x+6)+(x2+2x—3)
X =2xt =X +8x—2)+(x3 —2x—5)

b)
c) (3x4+7x3—x2+12x—4)+(x+3)
d (

3x° —6x° —3x’ —x” +16x-12) +(x—2)

N

. @) Apply Ruffini’s Rule to evaluate the polynomial P(x)=3x"-12x*+3x—-5 at x=-2

b) What is the remainder of the division (3x5—12x2+3x—5)+(x+2)? Explain your
answer.

(O8]

. Factor these polynomials:
a) x' —6x°+13x" —12x* +4x° x" —6x° +13x° —12x* + 4x°
b) 4x’ —8x*+x+3

4. A safe box has a four-digit security code that consists of the roots of the polynomial
x*—8x’ +17x* —10x in decreasing order. What is the security code?

Ul

. The polynomial P(x)=x*+mx’+16x>-25 is divisible by x+5. What is the value of
m?

6. The remainder of the division (x4 —x’ +mx+3)+(x—2) is 5. What is the value of m ?

N

. Given the polynomial P(x)=x’-2x>+mx+n. We know that the remainder of the

division P(x)+(x—2) is —4. We also know that 1 is a root of P(x). Calculate the
values of m and n.

8. Calculate the Highest Common Factor and the Lowest Common Multiple of the
polynomials P(x) =x°+x" =7x* —13x’ —6x* and O(x) = x° +6x° +11x* + 6x°

9. Simplify the following algebraic fractions:
2x* =2
6x> +12x+6
¥ +x° =7x* —13x° —6x7

x+6x° +11x* +6x°

b)



